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In the spirit of the AdS/CFT correspondence, we investigate the hydrodynamics of
the dual conformal field in the Gauss-Bonnet gravity. By considering the parameters
of the boosted black brane in the Gauss-Bonnet gravity as functions of boundary
coordinates, and then solving the corresponding correction terms, we calculate the
first order stress-energy tensor of the dual conformal field. From this first order
stress-energy tensor, we also obtain the shear viscosity and entropy density. And
these results are consistent with those of some previous works from the effective
coupling of gravitons.
∗Electronic address: yapenghu@itp.ac.cn
†Electronic address: huaifan99@yahoo.com.cn
‡Electronic address: niezy@itp.ac.cn
2I. INTRODUCTION
The AdS/CFT correspondence [1–4] provides a theoretical way to understand the strongly
coupled field theory. It has been applied to study various of physical problems such as the
holographic superconductor [5], and has became a quite useful tool to extract the hydrody-
namic properties of the strongly coupled conformal field in the quantum chromodynamics
(QCD).
It is well-known that any interacting quantum field theory can be effectively described
by hydrodynamics in the long wavelength limit. Using AdS/CFT, the shear viscosity of the
boundary fluid has been calculated in theories dual to Einstein gravity [6–9]. And the ratio
of shear viscosity over entropy density η/s is found to be 1/4π for a large class of conformal
field theories with gravity dual in the large N limit [10–14]. Then it is found that the ratio
η/s only depends on the value of effective coupling of transverse gravitons evaluated on
the horizon [15–18]. Note that, this ratio gets only positive corrections from some Large
N effect [19, 20]. Therefore, this value is once conjectured as an universal lower bound for
all materials [21–29]. However, the later study showed that the higher derivative gravity
such as Gauss-Bonnet(GB) gravity can modify the lower bound to a lower value [15, 30–35].
And the case dual to general LoveLock gravity can give further modification to this lower
bound [36, 37].
Recently, the study of the hydrodynamics via dual gravity has been further developed as
the Fluid/Gravity correspondence [38]. This correspondence can provide a more systematic
way that map the boundary fluid to the bulk gravity. As we know, the hydrodynamical
equations can be governed by the conservation of energy and other conserved global charges.
In the relativistic case, these can be expressed by the conservation of the stress-energy
tensor T µν and the charge currents Jµ, and finally can be completely characterized by the
thermodynamic variables (such as the energy density ρ and pressure P ) and the velocity field
of fluid uµ. When the fluid is not ideal, some parameters such as the shear viscosity η would
appear to characterize the effects of dissipation of fluid. On the other hand, viewed from the
side of the dual gravity, the effects of dissipation of the fluid should also be constructed from
the bulk gravity. In Reference [38], the authors indeed constructed the stress-energy tensor
of the non-ideal fluid order by order from the bulk solution in Einstein gravity. From the
first order stress-energy tensor, the shear viscosity was calculated, and the ratio of the shear
3viscosity over entropy η/s was same as the previous result 1/4π. Following this method,
some more complicated cases such as the existence of electromagnetic field at the boundary
are also considered [39–42]. Their results are consistent with the previous results, and the
ratios are still 1/4π. Therefore, it will be interesting to compute the non-trivial ratio η/s
in Gauss-Bonnet gravity by using this new method and make a comparison to the previous
results. Note that, following the reference [38], the higher stress-energy tensor of the dual
conformal theory on the boundary can be calculated order by order from the bulk solution.
But we just take its shear viscosity and entropy density into account, therefore, the first
order stress-energy tensor are enough to extract these information. Our results show that
the shear viscosity and entropy density are consistent with the previous results, which can
also be considered as a good test of this Fluid/Gravity correspondence with a more general
gravity in the bulk.
The following of the paper is scheduled as follows. In Sec. II and Sec. III, we shortly
review some properties of the Gauss-Bonnet gravity and the boosted black brane solution,
respectively. In Sec. IV, we construct the first order stress-energy tensor of the conformal
field via the dual gravity in the 5-dimensional spacetime case. Sec. V is devoted to the
conclusion and discussion.
II. THE GAUSS-BONNET GRAVITY AND FIELD EQUATIONS
The action of the d dimensional Gauss-Bonnet gravity with a negative cosmological con-
stant Λ = −(d− 2)(d− 1)/2ℓ2 can be
I =
1
16πG
∫
M
ddx
√−g (R− 2Λ + αLGB) , (2.1)
where R is the Ricci scalar, α with dimension (length)2 is the GB coefficient and the GB
term LGB is
LGB = R
2 − 4RµνRµν +RµνστRµνστ . (2.2)
Note that, the GB term is a topological invariant in four dimensional spacetimes. And the
Gauss-Bonnet gravity can be viewed as the second order term in the Lovelock gravity which
preserves the property that the equations of motion involve only second order derivatives of
4The generalized surface term of the GB gravity is [44, 45]
Isur = − 1
8πG
∫
∂M
dd−1x
√−γK − α
4πG
∫
∂M
dd−1x
√−γ (J − 2GabKab) , (2.3)
where γab is the induced metric on the boundary, K is the trace of the extrinsic curvature
of the boundary, Gab is the Einstein tensor of the metric γab and J is the trace of the tensor
Jab =
1
3
(2KKacK
c
b +KcdK
cdKab − 2KacKcdKdb −K2Kab) . (2.4)
From (2.3), it is obvious that the first term is just the well-Known Gibbons-Hawking surface
term and the second term is the counterpart for the GB gravity.
Through the variation of the action (2.1) with respect to the bulk metric, we can obtain
the equation of the Gauss-Bonnet gravity
Rµν − 1
2
Rgµν + Λgµν + αHµν = 0 , (2.5)
where
Hµν = 2(RµσκτR
σκτ
ν − 2RµρνσRρσ − 2RµσRσν +RRµν)−
1
2
LGBgµν . (2.6)
III. BOOSTED BLACK BRANE IN THE GAUSS-BONNET GRAVITY
Although it is difficult to find exact solutions of the GB equations due to its nonlinearity
and complexity, some exact solutions have already been founded [46–50]. Here we are
interested in is the 5-dimensional black brane solution [50]
ds2 =
dr2
r2f(r)
+
r2
ℓ2c
(
3∑
i=1
dx2i
)
− r2f(r)dt2, (3.1)
where
f(r) =
1
4α
(
1−
√
1− 8α
ℓ2
(1− b
4
r4
)
)
. (3.2)
Note that, as r → ∞, f(r) approximates 1/ℓ2c . Here ℓc is the effective radius of the AdS
spacetime in GB gravity, and its expression in 5-dimensional case is
ℓc = ℓ
√
1 + U
2
, with U =
√
1− 8α
ℓ2
. (3.3)
From which, we can also find the existence of an upper bound for the GB coefficient, α ≤
αmax = ℓ
2/8, which holds for all 5-dimensional asymptotically AdS solutions in GB gravity.
5From (3.1), we easily find that the horizon of the black brane is located at r = b. The
Hawking temperature and entropy density are
T =
(r2f(r))′
4π
|r=b = b
π
, (3.4)
s =
b3
4Gℓ3c
. (3.5)
In the Eddington-Finkelstin coordinate system, the solution (3.1) can be rewritten as
ds2 = −r2f(r)dv2 + 2dvdr + r
2
ℓ2c
(dx2 + dy2 + dz2). (3.6)
where v = t+ r∗ with dr∗ = dr/(r
2f). The boosted black brane can be obtained from (3.6)
via a coordinate transformation which is generated by a subalgebra of the isometry group
of AdS5. And its line element is
ds2 = −r2f(r)(uµdxµ)2 − 2uµdxµdr + r
2
ℓ2c
Pµνdx
µdxν , (3.7)
with
uv =
1√
1− β2i
, ui =
βi√
1− β2i
, Pµν = ηµν + uµuν . (3.8)
where xµ = (v, xi), velocities β
i are constants, Pµν is the projector onto spatial directions,
and the indices in the boundary are raised and lowered with the Minkowsik metric ηµν . The
metric (3.7) describes the uniform boosted black brane moving at velocity βi [38].
IV. THE DERIVATIVE EXPANSION TO FIRST ORDER
In the boosted black brane solution (3.7), the parameters b and βi are related with the
temperature and velocity, respectively. If we let the above parameters b and βi be slowly-
varying functions of the boundary coordinates xµ = (v, xi), the metric (3.7) will be not a
solution of the equations of motion (2.5) any more. However, we can add correction terms
to it and then make the new metric as a solution. Before adding these correction terms, we
first define the tensors
Wµν = Rµν − 1
2
Rgµν + αHµν − 6gµν . (4.1)
where we have set l = 1 and hereafter. Obviously, if we take the parameters b and βi as
functions of xµ in (3.7), the Wµν will be nonzero and proportional to the derivatives of the
6parameter functions. Therefore, these terms can be considered as the source terms and
denoted as Sµν . As mentioned above, we can add the correction terms to cancel these source
terms. According to [38–42], due to the background metric (3.7) preserving a spatial SO(3)
symmetry, these correction terms can be made order by order in a derivative expansion.
And after made some gauge fixed, the choice for the n-th correction terms can be
ds(n)
2
=
k(n)(r)
r2
dv2 + 2h(n)(r)dvdr + 2
j
(n)
i (r)
r2
dvdxi +
r2
ℓ2c
(
α
(n)
ij −
2
3
h(n)(r)δij
)
dxidxj.(4.2)
Note that, in order to implement the above procedure, we can first obtain the solution at
the origin, and then obtain the globally solution by constructing a covariant metric. In our
paper, we just consider the first order correction terms and first order solution. Thus the
parameters expanded around xµ = 0 are
βi = ∂µβi|xµ=0xµ, b = b(0) + ∂µb|xµ=0xµ. (4.3)
where we have assumed βi(0) = 0. After inserting the metric (3.7) with (4.3) into
Wµν , the first order source terms can be S
(1)
µν = −Wµν . As mentioned above, we can
consider the correction terms in (4.2) for n = 1 to cancel these source terms, thus
Wµν = (effect from correction) − S(1)µν vanish. The more details of the equations of these
correction terms are seen in the appendix A. By solving them, we obtain the first order
correction terms and the first derivative order solution.
Note that, there are some relationships between these equations
Wvi + r
2f(r)Wri = 0 : Svi + r
2f(r)Sri = 0,
Wvv + r
2f(r)Wvr = 0 : Svv + r
2f(r)Svr = 0. (4.4)
which can be considered as the constrain equations. In our paper, after using the first order
source terms in the Gauss-Bonnet gravity (also seen in the appendix A), we can further
rewrite the constrain equations (4.4) as
3∂vb+ b∂iβi = 0,
∂ib+ b∂vβi = 0. (4.5)
In the later, we can see that these equations can be expressed as a covariant form. And they
are nothing but the exact conservation equations of the zeroth order stress-energy tensor.
7Although the equations of these first order correction terms in the appendix A are more
complicated than those of Einstein gravity, we can solve them after some calculations. And
the coefficients of the first order correction terms are
h(r) = 0, ji = r
3∂vβi, k(r) =
2
3
r3∂iβ
i, (4.6)
αij = α(r)
{
(∂iβj + ∂jβi)− 2
3
δij∂kβ
k
}
,
where α(r) and its asymptotic expression are
α(r) =
∫ r
∞
s3 − 2αs2[s2f(s)]′ − (1− 8α)b3
−s + 2α[s2f(s)]′
1
s4f(s)
ds ≈ ℓ2c(
1
r
− b
3U
4r4
) +O(
1
r
)5. (4.7)
Therefore, after adding the correction terms, the first-order metric expanded in boundary
derivatives about xµ = 0 is given explicitly as
ds2 = 2dvdr− r2f(b0, r)dv2 + r2dx2i − 2xµ∂µβidxidr − 2xµr2[
1
ℓ2c
− f(b0, r)]∂µβidxidv
−r2xµC(r)∂µbdv2 + 2r2α(r)σijdxidxj + 2
3
r∂iβ
idv2 + 2r∂vβidvdx
i, (4.8)
where
f(b0, r) = f(b(x
µ), r)|xµ=0, C(r) = ∂f(b(x
µ), r)
∂b
|xµ=0, σij = ∂(iβj) − 1
3
δij∂kβ
k. (4.9)
From which, the global first-order metric can be constructed in a covariant form
ds2 = −r2f(b, r)uµuνdxµdxν − 2uµdxµdr + r
2
ℓ2c
Pµνdx
µdxν +
[
2r
3
uµuν∂λu
λ
−ruλ∂λ (uµuν) + 2r2α(r)σµν
]
dxµdxν , (4.10)
where σµν is
σµν ≡ 1
2
P µαP νβ (∂αuβ + ∂βuα)− 1
3
P µν∂αu
α. (4.11)
and we have also taken it as a covariant expression.
On the other hand, we investigate the corresponding boundary stress-tensor in the Gauss-
Bonnet gravity. For the n = 5 dimensional spacetime in G-B gravity, the corresponding
boundary stress-tensor can be obtained through the variation of the total action with respect
to the boundary metric γab
Tab =
2√−γ
δ
δγab
(
I + Isur + I
0
ct
)
, (4.12)
8where
I0ct =
1
8πG
∫
∂M
d4x
√−γ
[
−2 + U
ℓc
− ℓc
4
(2− U)R
]
. (4.13)
is the corresponding boundary counterterm and R is the curvature scalar associated with
the induced metric on the boundary γab [45]. Note that, it is obviously seen that the above
boundary counterterm can recover the known counterterm expression in the Einstein gravity
when α→ 0 [51–53].
From (4.12), the boundary stress-energy tensor is
Tab =
1
8πG
[Kab − γabK + 2α(Qab − 1
3
Qγab)− 2 + U
ℓc
γab +
ℓc
2
(2− U)(Rab − 1
2
γabR)], (4.14)
where Qab is
Qab = 2KKacK
c
b − 2KacKcdKdb +Kab(KcdKcd −K2) + 2KRab + RKab − 2KcdRcadb − 4RacKcb .
Therefore, after inserting the explicit metric (4.8) into (4.14), the corresponding non-zero
components of the boundary energy-momentum tensor are
Tvv =
3b4
16πGr2ℓc
, Tij = − U
2b3
8πGr2ℓc
σij (i 6= j), Tij = 1
16πG
[
b4
r2ℓc
− 2U
2b3
r2ℓc
σij ] (i = j). (4.15)
Now, we investigate the hydrodynamics of the dual conformal field on the boundary. The
background metric upon which the dual field theory resides can be hab = limr→∞
ℓ2
c
r2
γab, and
the expectation value of the stress tensor of the dual conformal theory τab is computed using
the relation [54]
√
−hhab < τbc >= lim
r→∞
√−γγabTbc. (4.16)
where Tab is the boundary stress-energy tensor of the Gauss-Bonnet gravity.
Note that, according to (3.6), the background metric hab upon which the dual field theory
resides is
ds2 = habdx
adxb = −dv2 + dx2 + dy2 + dz2. (4.17)
In order to obtain a conformal Minkowsik metric, we can also make the coordinate trans-
formation v = uℓc, x
i = ℓcx
′i. Now, hab becomes
ds2 = habdx
adxb = ℓ2c(−du2 + dx′2 + dy′2 + dz′2). (4.18)
9and the corresponding boundary stress-energy tensor (4.15) in these new coordinate system
are
Tuu =
3b4ℓc
16πGr2
, Ti′j′ = −U
2ℓcb
3
8πGr2
σij (i
′ 6= j′), Ti′j′ = b
4ℓc
16πGr2
− 2U
2b3ℓc
16πGr2
σij (i
′ = j′). (4.19)
Therefore, according to (4.16) and (4.15), the expectation value of the first order stress
tensor of the dual theory τµν which is corresponding to the global metric (4.10) can be
τµν =
1
16πG
[
b4
ℓ3c
(ηµν + 4uµuν)− 2U
2b3
ℓ3c
σµν ] = P (ηµν + 4uµuν)− 2ησµν . (4.20)
where we have rewritten it as a covariant form. It should be emphasized that we can also
obtain (4.20) by directly inserting the global metric (4.10) into (4.14). From (4.20), the
pressure and viscosity are read off
P =
b4
16πGℓ3c
, η =
U2b3
16πGℓ3c
=
1
16πGℓ3c
(1− 8α)b3. (4.21)
and the entropy density s can be computed through
s =
∂P
∂T
=
1
4Gℓ3c
π3T 3 =
b3
4Gℓ3c
. (4.22)
Note that, because we have made a time coordinate transformation, thus the temperature
in (4.18) becomes T = bℓc/(π). And the temperature in (4.22) is T = b/π. It is easily
seen that (4.22) is consistent with (3.5). And the shear viscosity is same as the result in
reference [30]. The ratio of (4.21) and (3.5) can also be found that
η
s
=
1
4π
(1− 8α). (4.23)
In addition, from τµν , we can obtain the zeroth order energy-momentum tensor
τµν(0) =
b4
16πGℓ3c
(ηµν + 4uµuν), (4.24)
and after a little work, the constrain equation (4.4) can be expressed covariantly as
∂µτ
µν
(0) = 0 . (4.25)
which is just the exact conservation equations of the zeroth order stress-energy tensor.
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V. CONCLUSION AND DISCUSSION
In this paper, we apply the AdS/CFT correspondence to investigate the hydrodynamics
of the dual conformal filed on the boundary in the Gauss-Bonnet gravity. As an effective
description of the conformal field at long wavelengths, the stress-energy tensor of the hy-
drodynamics is calculated to the first order. And from this first order stress-energy tensor,
we also calculate the shear viscosity and energy density of the hydrodynamics. And these
results are found to be consistent with those of some previous works. Note that, in principle,
we can repeat the first order process to obtain the nth order solution from the (n − 1) th
order solution and nth derivative order source terms, and then we can extract more informa-
tion of the strongly coupled conformal field by calculating the corresponding stress-energy
tensor. However, these calculations must be more and more complicated with respect to the
order, and they would be taken into account in the future work. In addition, there are other
methods to calculate the transport coefficients [55, 56], which can give us some new insights
of the gravity/hydrodynamics. Therefore, it would be interesting to have further study on
the underlying relevant relationships between these results.
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Appendix A: The tensor components of Wµν and Sµν
The tensor components of Wµν = (effect from correction)− Sµν are
Wvv = (−8r2f 2h− 6k
r2
+
6fk
r2
− 7r3fhf ′ + 3kf
′
2r
− 2r3f 2h′ − r4ff ′h′ + fk
′
2r
− r4fhf ′′ − fk
′′
2
)
+α(432r2f 3h− 12f
2k
r2
+ 336rf 2hf ′ − 12fkf
′
r
+ 60r4fhf ′2 + 208rf 3h′ + 90r4f 2f ′h′
+9r5ff ′2h′ +
18f 2k′
r
+ 6ff ′k′ + 24r4f 2hf ′′ + 6r5fhf ′f ′′ + 20r4f 3h′′ + 6r5f 2f ′h′′ + 12f 2k′′
+3rff ′k′′) + (
r2f
2
− 12r2αf 2 − 3r3αff ′)R(1) − Svv,
Wvr =
1
2r3
(−12r3h+ 28r3fh+ 17r4hf ′ + 4r4fh′ + 2r5f ′h′ + 2r5hf ′′ − k′ + rk′′) + α(−444f 2h
+
17
2
rhf ′ − 342rfhf ′ − 60r2hf ′2 − 208rf 2h′ − 90r2ff ′h′ − 9r3f ′2h′ − 24r2fhf ′′ − 6r3hf ′f ′′
−20r2f 2h′′ − 6r3ff ′h′′) + α
r3
(6kf ′ − 18fk′ − 6rf ′k′ − 12rfk′′ − 3r2f ′k′′) + (−1
2
+ 12αf
+3rαf ′)R(1) − Svr,
Wvi =
1
2r
(3fj′i − rfj′′i )−
αf
r
(8jif
′ + 6fj′i − 2rf ′j′i − 2rfj′′i )− Svi,
Wrr =
1
r5
(1− 4αf)(r5h′)′ − Srr,
Wri =
1
2r3
(−3j′i + rj′′i ) +
α
r3
(8jif
′ + 6fj′i − 2rf ′j′i − 2rfj′′i )− Sri,
Wijδ
ij =
(3r2
2
(−1 + 24αf + 16rαf ′ + 2r2αf ′′)R(1) − r2h[−12 + 1272αf 2 + 452r2αf ′2 + r2f ′′
+6r4αf ′′2 + 4f(−3 + 364rαf ′ + 41r2αf ′′) + 2f ′(r + 54r3αf ′′)]− (−11r3fh′ + 644r3αf 2h′
−r4f ′h′ + 530r4αff ′h′ + 68r5αf ′2h′ − 6αkf ′′ + 56r5αfh′f ′′ + 9r6αf ′h′f ′′ + 6rαk′f ′′
−r4fh′′ + 64r4αf 2h′′ + 44r5αff ′h′′ + 6r6αff ′′h′′ + 30αfk′′ + 24rαf ′k′′ + 3r2αf ′′k′′)
−−3k
′ + 72αfk′ + 36rαf ′k′
r
)
/ℓ2c − Sijδij,
Wij =
(
1
3
δij(δ
klWkl)− 1
2r
(r5f(1− 4αf − 2αrf ′)α′ij)′
)
/ℓ2c − Sij +
1
3
δij(δ
klSkl), (A1)
where
R(1) = 40fh+ 20rhf ′ + 20rfh′ + 3r2f ′h′ +
2k′
r3
+ 2r2hf ′′ + 2r2fh′′ +
k′′
r2
. (A2)
12
And the first order source terms are
Svv = (
3rC
2
− 6αrCf)∂vb− (2rf + r
2f ′)∂iβi
2
+ α(84rf 2 + 22r2ff ′)∂iβi
+
8∂iβi
r
(
r2f
2
− 12r2αf 2 − 3r3αff ′),
Svr =
∂iβi
r
− α(84f
r
+ 20f ′)∂iβi +
8∂iβi
r
(−1
2
+ 12αf + 3rαf ′),
Svi =
3rC + r2C ′
2
∂ib− α(6rCf + 2r2fC ′ + 2r2Cf ′)∂ib+ 3rf + r
2f ′
2
∂vβi − α(6rf 2 + 4r2ff ′)∂vβi,
Srr = 0,
Sri = − 3
2r
∂vβi + α(
6f
r
+ 2f ′)∂vβi,
Sij =
(
3
2
r(∂iβj + ∂jβi)− α(6rf + 6r2f ′ + r3f ′′)(∂iβj + ∂jβi) (i 6= j)
)
/ℓ2c ,
Sxx =
(
3r∂xβx − α(12rf + 12r2f ′ + 2r3f ′′)∂xβx + r∂iβi − α(84rf + 52r2f ′ + 6r3f ′′)∂iβi
+
8∂iβi
r
(
−r2
2
+ 12r2αf + 8r3αf ′ + r4αf ′′)
)
/ℓ2c , (A3)
where Syy (or Szz) is just replaced the index x in Sxx into y (or z), and
C(r) =
∂f(r)
∂b
. (A4)
Note that, there are two identities related with f(r)
4(1− f) + 8αf 2 − rf ′ + 4rαff ′ = 0,
−12(1− f)− 24αf 2 + 8rf ′ − 32rαff ′ = 4r2αf ′2 − r2f ′′ + 4r2αff ′′. (A5)
And the equations of the first order correction terms can be obtained from Wµν =
(effect from correction) − Sµν = 0. Here, Sµν is the first order source term. In addition, it
can be easily seen that the above formalisms Wµν and Sµν can recover the corresponding
formalisms in Einstein Gravity when α = 0.
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